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INTRODUCTION
Large pressure v e s s e l s are sometimes fabricated by expanding a closed-end cylindrical shell into a n open-end cylindrical jacket. The jacket and inner shell then a c t a s a composite structure t o carry the circumferential s t r e s s whereas the total axial s t r e s s is carried by the inner / shell. This method of construction permits the use of two different materials of construction. The greatest benefits a r e probably derived, however, from the use of thinner material with improved metallurgical properties and the ability t o fabricate when rolling capacity is exceeded in single plate construction. Figure 1 illustrates a two-layer v e s s e l before and after the prestressing operation. Contact hetween t h e two s h e l l s is produced by plastically deforming the inner shell by means of internal pressure. If the proper pressure is applied the two s h e l l s will remain i n contact after the pressure is removed, a favorable s t a t e of pres t r e s s will e x i s t , a n d the v e s s e l will behave elastically thereafter i n service.
A conventional prestressed, multilayer pressure v e s s e l is designed using e l a s t i c theory only and a favorable system of fesidual s t w s s e s is produced by controlled tightening of the individual layers. U. S. Patent 2,337,247, dated December 2 1, 1943 covers the manufacture of multilayer v e s s e l s wherein a s t a t e of prestress is developed by overpressuring a n assembly consisting of a number of concentric, loose-fitting, cylindrical, s h e l l s , When prestress is accomplished by plastically expanding the inner s h e l l , i n the c a s e of two-layer construction, the design must include a p l a s t i c a n a l y s i s a s well a s a n e l a s t i c a n a l y s i s . The problem is further Q I > complicated when a radial clearance e x i s t s initially between the two layers since the plasticity a n a l y s i s must now include the effects of varying s t r e s s ratios during the deformation process. Including the e l a s t i c behavior of the jacket i n the a n a l y s i s increases the complexity of the problem, however, the e l a s t i c "spring-back" of the jacket i s essential for producing a s t a t e of prestress. For simplicity, the study of the two-layer v e s s e l which follows is divided into two categories, namely,
(1) inner v e s s e l enclosed by a n infinitely rigid jacket and (2) inner v e s s e l enclosed by a n e l a s t i c jacket of finite thickness. 3 E. H. ~e e ' h a s developed a geometrical a n d geometrical-analytical method for studying problems involving p l a s t i c flow with work hardening. J I t a s s u m e s isotropic work hardening i n which t h e M i s e s yield criterion' a p p l i e s at all stages i n the deformation p r o c e s s and that t h e dimensions of the yield surface depend on a parameter which i n c r e a s e s with continued p l a s t i c flow. The method is limited t o t h o s e cases i n which the principal s t r e s s directions remain fixed i n the material; from symmetry, the v e s s e l s shown i n Figs. 1 and 2 comply with t h i s condition.
The geometrical-analytical method of Lee will be used t o study t h e v e s s e l s i n Figs. 1 and 2 and the paper should be referred t o for d e t a i l s concerning the theory of its development. The a n a l y s i s of t h e d e s i g n problem which follows is b a s e d upon t h e following assumptions:
1. Ductile materials of construi3ion a r e used.
2. The d e s i g n temperature is below t h e creep range. ! 3. The p l a s t i c properties of the material i n t h e inner v e s s e l a r e defined 4. The jacket a n d inner shell fulfill the requirements of a thin-walled cylinder.
5. The frictional forces a t the contact surface may be neglected.
6 , The effective s t r e s s and effective strain, l e s p e c t i v e l y , a r e ex- In addition t o the above, the a n a l y s i s is limited t o the jacket and to the cylindrical portion of the inner shell. The heads a r e considered t o transmit the a x i a l pressure load t o the shell but the discontinuity effects a t the juncffon of the hedd u~i d ~1~1 1 are disrcgsrdod, The same design method may b e used for materials with properties which d o not,conform with the third assumption by deriving the equation of the a c t u a l s t r e s sstrain curve using any of the usual methods of curve fitting or by working from the a c t u a l stress-strain curve. l\TOMENCLATURE P = pressure i n inner s h e l l , psig PC = interfacial contact pressure between shell and jacket, psig t = instantaneous thickness a t some pressure PI in. R = instantaneous radius a t some pressure P' , in. s = the distance of the strain point from the origin, a t some pressure P, measured along the trajectory of the strain point, in. E = modulus of e l a s t i c i t y , p s i
Many of the symbols a r e used with subnumerals; they are defined i n the text where they first appear. The subnumerals denote a specific condition a t a specific time during the prestressing operation and the subnumeral "0" denotes a n initial s t a t e before-the application of pressure.
Arabic subnumerals a r e used for s t a t e s of s t r e s s and Roman subnumerals It is n e c e s s a r y t o s e e i f i t i s possible for the s t r e s s point to move from 1 t o 3 within the circle of radius Fl . Assume that i t is possible!
The expression for the effective s t r e s s a s a function of the three principal s t r e s s e s is given by
The three principal s t r e s s e s i n the inner shell a t the instant of contact a t pressure P1 a r e given by E q . (6). It c a n be shown that i n the c a s e of a n e l a s t i c , strain-hardenii~g material, the radius of the yield circle expands slightly and the s t r e s s point moves between points 1 and 3 on the expanding circle. For engineering design purposes, the s t r e s s point can be assumed to move from 1 t o 3 along the circle of constant radius 51 , a s shown i n Fig. 3 .
Since the thickness of the inner s h e l l is constant between s t r e s s points 1 and 3, the axial s t r e s s is proportional to the pressure i n the v e s s e l . Thus, when the internal pressure P2 s a t i s f i e s the condition P3 z P 2 z P1 , the a x i a l s t r e s s is given by Since n o yielding occurs between s t r e s s points 1 a n d 3 , t h e thickn e s s of t h e s h e l l remains unchanged, therefore, t 3 = t l a n d from Eq. (9)
From the geometry of construction, Fig. 3 The shell behaves elastically a s the prestressing pressure P3 is re-.duced to zero. A simple e l a s t i c a n a l y s i s shows that the radius of the shell will tend to d e c r e a s e by the amount BR, or
Since uc3 is greater than v.ua3, according t o E q . (28), the inner shell ' I actually shrinks away from the jacket by the amount 6 R and the inner shell is left in a neutral or non-prestressed condition.
As p l a s t i c flow continues beyond s t r e s s point 3, the ratio of the a x i a l s t r e s s to the circumferential s t r e s s remains constant. Accordingly, i t is impossible to prestress the ,inner shell by controlled yielding under i~t : ? r n a l pressure when the shell is contained within a rigid, nonyielding jacket. If a jacket with e l a s t i c properties is substituted for the rigid enclosure, prestressing is possible due t o the e l a s t i c recovery of the jacket upon r e l e a s e of the pressure.
Instability of Inner Shell
Stress point 5 and the corresponding strain point V represent the values a t the maxinlum or instability pressure. The length of the strain trajectory " s" from 0 to V along 0-I-IV-V is equal to 3eV/2. The relationship between the effective s t r e s s and the axial srress i"il s t r e s s point 5 is found from the geometry of Fig. 3 to be a n d the derivative becomes
The a x i a l s t r e s s corresponding to s t r e s s point 5 is
The maximum pressure is found by taking the derivative of Eq. (39) and setting dP equal t o zero. The expression becomes whereby but s i n c e er = -ea between strain points I (or I1 and 111) and V, Eq. (41) becomes Substituting Eqs . (35) , ( 3 6) a n d (37) into E q . (13) yields
The effective s t r e s s and effective strain a r e related by the expression V5 = K ( c~)~ . After the occurrence of necking in a t e n s i l e specimen a t --E -n i the true strcss-.,strain c u r v e is usually extended a s a straight line tangent t o thk exponential curve. For simplicity, the equations which follow a r e b a s e d o n t h e exponential curve e v e n for effective s t r a i n s g r e a t e r t h a n " n u . t h e value of the a x i a l strain a t instability is determined, but s i n c e cr = -Ea between strain points I (or I1 a n d 111) and V, E q . 
General
In the preceding a n a l y s i s i t w a s shown that a s t a t e of p r e s t r e s s cannot be induced when a n infinitely rigid jacket is u s e d . It w a s a l s o shown that t h e s t r e s s point follows three d i s t i n c t loading p a t h s before the inner s h e l l f a i l s by instability, specifically, (1) from the s t a r t of pressurization until the inner s h e l l c o n t a c t s the jacket a t pressure P1, (2) a zone of zero p l a s t i c flow between P1 and 2P1 a n d (3) a continuation of p l a s t i c flow commencing a t pre s sure 2 P 1 .
When a n infinitely rigid jacket is used the change i n circumferential strain (dcc) is zero after the inner s h e l l makes contact with the jacket.
When a n e l a s t i c jacket is considered, dec is no longer zero, the zone of Relationship Between dT and dc, After the inner layer c o n t a c t s t h e j a c k e t , the p l a s t i c behavior of the inner s h e l l is e s t a b l i s h e d by t h e e l a s t i c behavior of the jacket under the influence of the interfacial contact pressure. Conversely, the interf a c i a l contact pressure is governed by the flexibility of t h e jacket.
During p l a s t i c flow the tangent t o the strain trajectory must be parallel t o the a s s o c i a t e d s t r e s s vector. When the s t r e s s point moves a
d i s t a n c e d F from the origin, the strain point moves a distance 3/2 dT parallel t o the s t r e s s vector. Since the change in circumferential strain of the inner s h e l l must equal the change i n circumferential strain of the jacket (dc,= decj): i t is necessary t o consider the relationship between d r c and dZ. Figure 5 shows the strain trajectory plus a n incremental I e r i y~l~ orientated a t p0 from the horizontal a x i s . Since d r c + dcr + d r a = 0 , i t c a n be shown that
The function X is given i n Table 1 , i n increments of 2O, for values of P between 0' and 60°.
--*In the a n a l y s e s which follow, Arabic subnumerals have been substituted for Roman subnumerals i n the strain and effective strain terms. The change w a s made t o shorten terms carrying both subscripts and subnumerals . Figure 6 shows a n incremental change i n the strain point and s t r e s s point after the inner shell makes contact with the jacket. Obviously, the motion of the s t r e s s point and strain point, before contact is established, is independent of the jacket.
When the pressure is increased from P3 t o P4, the s t r e s s point moves from point 3 t o point 4 along a n a r c of increasing radius s u c h that 6 4 7 B3.
The effective s t r e s s a t pressure P4 is where X is a function of the angle P3. Values of X a r e given i n Table 1 .
From the geometry of tfie construction, Fig. (6) but the a x i a l s t r e s s a l s o equals where t l i s given by Eq. (9). A constant value i s used for the thickness of the inner shell for the same reason that a fixed radius w a s used.
Equation (68) substituted into Eq. (67) yields
From the yeometry of the construction, Fig. (6) but the circumferential s t r e s s a l s o equals a n d combining Eqs . (70) and (71) gives
Equations (66), (69) a n d (72) a r e three equations with three u~~k~~u v v n s , t h u s , their simultaneous solution will yield 84, P4 and P4 corresponding t o the arbitrarily selected angle Oq. The s t r e s s e s i n the inner s h e l l , when the pressure i n the inner v e s s e l is P4, may be calculated from Eqs. (68) and (71). Knowing the interfacial contact pressure ( P ,~) permits the caloulatian of t h e circumferential s t r e s s i n the jacket (oCj4). Finally, the s t a t e of p r e s t r e s s i n both s h e l l s , when the internal pressure is released, is found by a simple e l a s t i c a n a l y s i s based upon conipatible deformiitfons of the two layers. An actual problem is solved by repeating the above calculations for increments of the angle @, starting w i t h $ = 0, until the desired s t a t e of prestress is achieved. Step 3 is r e p e a t e d f o r d 3 = 8 O a n d P 2 = 6°. 4 4 = 12 a n d P g = 10 , Q e t c . , = 2 4 is reached.
5. The r e s i d u a l s t r e s s e s a r e found by a simple e l a s t i c a n a l y s i s b a s e d upon compatible deformations of the two l a y e r s .
6. The pertinent s t r e s s e s a n d s t r a i n s i n the inner s h e l l a n d jacket, while the inner v e s s e l is a t p r e s s u r e P1, P2 , ---, P7, r e s p e c t i v e l y , a r e given i n Table 2 . 7. The r e s i d u a l s t r e s s e s i n the inner s h e l l and jacket, produced by a p r e s t r e s s i n g pressure of P6 (3399 psi) and P7 (3bZY p s i ) , dr,e givalr i n Table 3 .
8 . The operating s t r e s s e s a r e found by superposition, that i s , the membrane s t r e s s induced by the operating pressure is added a l g ebraically t o the r e s i d u a l s t r e s s e s produced by the prestressing operation. Table 3 . Residual S t r e s s e s i n Inner Shell a n d Jacket
The loading p a t h for v a l u e s of $ from o0
t o 21' ($7) is ill.ustraLed i n Fig. 7 by a heavy l i n e . An enlarged view of the strain trajectory is g i v e n in Fig. 8 . If t h e jacket had b e e n infinitely rigid the s t r e s s point would h a v e followed the broken l i n e from s t r e s s point 1. On the other hand, a less rigid jacket would hdve c;aused thc ~t r o s s points t n he displaced further from the broken l i n e . A continuation of the l i n e 0 -1 r e p r e s e n t s the motion of the s t r e s s point when the inner s h e l l is not enclosed by a jacket. In the preceding a n a l y s i s i t w a s shown that a s t a t e of p r e s t r e s s cannot be produced when t h e inner s h e l l is expanded a g a i n s t a n infinitely rigid jacket. The example i l l u s t r a t e s that by properly proportioning the t h i c k n e s s of the inner s h e l l and jacket, the e l a s t i c spring-back of the jacket more than compensates for the e l a s t i c spring-back of the inner s h e l l , when the pressure is removed, and a system of residual s t r e s s e s develops.
In the illustrative problem the a n g l e $ w a s i n c r e a s e d from o0 t o 24' i n increments of 4O, however, i n many i n s t a n c e s the u s e of larger incre- The s t r e s s e s occur when t h e inner v e s s e l is at pressure P2 (3644 p s i ) .
The e x c e l l e n t agreement may be. observed by comparing t h e s e v a l u e s with 0 the s t r e s s e s i n Table 2 for gh7 = 24 . Caution must b e e x e r c i s e d , howe v e r , i n using large increments between succeeding v a l u e s of 4 particularly when$ e x c e e d s about 30' or when the jacket is significantly more flexible than the inner shell.
In designing a two-layer v e s s e l the dimensions may be estimated quite e a s i l y . The inner shell must be thick enough t o carry the axial s t r e s s produced by the maximum internal operating pressure. Since the jacket a n d inner s h e l l must carry the circumferential s t r e s s , the thickness of the jacket will be approxirrlately the same a s the thickness o f the I~I I I~L s h e l l u n l e s s different materials of construction a r e used. Some adjustment in the thickness of the jacket may be necessary depending upon the amount of p r e s t r e s s required.
.The prestressing operation can be observed and controlled by the use of strain g a g e s applied t o the jacket. Such a procedure would permit making on the spot adjustments in the controlled yielding operation and provide valuable data for the design of similar v e s s e l s . It would a l s o show the e f f e c t s of anisotropy and Irictionsl forces between the two l a y e r s , both of which were ignored in the precedi~iy a n a l y s e s . 
